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We study the expansion dynamics of harmonically trapped bosons in a two-dimensional lattice
within the extended Bose-Hubbard model. We evaluate the dynamics of the system following a
sudden removal of the confining potential, starting with a cloud mostly in n = 1 Mott state. We
show that the nearest neighbour interactions have a strong influence on the dynamics of ultracold
bosons on an optical lattice. Also we conclude that validity of the widely used contact potential
approximation is questionable in the presence of Feschbach resonances.
PACS numbers: 03.75.Kk, 67.85.d, 05.30.Jp
Recent developments in experimental techniques have
allowed precise control over the properties of ultracold
atomic gases in traps and optical lattices, turning them
into a simulation tool for quantum many body systems
and allowing experimental investigation of static and dy-
namic behaviour of clean and low dimensional systems.
Thanks to the Feshbach resonance that it is possible to
control the strength and sign of the interactions between
the particles of a many body system which had been a
long lasting dream for many people. Interactions between
the particles of a many body system determine both the
static and dynamic behaviour of the system. Various
properties of the interactions such as range, strength,
sign etc. are important in determining the behaviour
of the system. Static properties and the phase structure
of ultracold atomic gases on optical lattices have been
thoroughly investigated [1–8]. Experimental studies on
dynamical properties of ultracold atomic gases have also
revealed many peculiar behaviour which deserves spe-
cial attention and further theoretical investigation [9–13].
Extensive theoretical studies on dynamics of ultracold
atoms in 1D have yielded results consistent with experi-
ments [14, 15]. However some experimental results in 2D
still lacks sufficient explanation deserves further theoret-
ical investigation [12, 13].
The effect of the interactions on expansion dynamics
of initially confined fermionic [12] and bosonic [13] gases
on a two dimensional (2D) optical lattice was studied by
changing the interactions via a Feshbach resonance. It
was observed that qualitative behaviour of the expansion
dynamics is independent of the sign of the interactions
for the fermions suddenly released from an isotropic har-
monic trap [12]. For small interaction strengths (small s-
wave scattering lengths) the atomic clouds released from
the isotropic trap changes its symmetry from circular
(trap) to square (optical lattice) as it expands. How-
ever, for larger interaction strengths core of the atomic
cloud does not expand at all and preserves its circular
symmetry. This bimodal behaviour was also observed in
the free expansion of bosonic atoms released from an ini-
∗
sevdaaktas@selcuk.edu.tr
† uatav@selcuk.edu.tr
tial Mott state and again the behaviour was the same for
both attractive or repulsive interactions [13].
Motivated by the experimental results mentioned
above, we study the effect of the interparticle interactions
on the expansion properties of bosons on a 2D optical lat-
tice. Jreissaty et al. have studied expansion of bosons
released from a harmonic trap on an optical lattice by
using a Bose-Hubbard hamiltonian with on-site interac-
tions only [16, 17] where they have calculated the time
evolution of the cloud in both the real and momentum
space. Their model have predicted a seperation of the ini-
tial cloud into slowly and rapidly expanding two clouds.
However, the strong localization observed in 2D experi-
mental studies [13] were not predicted by this model [17].
Therefore, it appears that the standard Bose Hubbard
model can not capture the essence of physics behind the
experimental observation of zero expansion velocities in
the presence of interactions [13].
Considering only the on-site interactions is a common
assumption in the theory of ultracold atomic gases in
optical lattices. However, Duan L.M. have shown that
for a broad Feshbach resonance nearest neighbour cou-
pling rates can be significantly large compared to atom
tunnelling rates and thus should not be neglected [18].
Also, using a Rydberg dressing can lead to effectively
long ranged interactions between ultracold atoms [19].
Therefore, a more realistic description of the interact-
ing ultracold atoms near a Feshbach resonance should
include at least the nearest neighbour interactions.
We consider a system of bosons released from a har-
monic trap in a 2D optical lattice, assuming the inter-
actions between the atoms have a significant long range
part. Such a system can be described by extended Bose-
Hubbard Hamiltonian
Hˆ = −J
∑
<i,j>
(
aˆ†i aˆj + aˆ
†
j aˆi
)
+
U0
2
∑
i
nˆi(nˆi − 1)
+
U1
2
∑
<i,j>
nˆinˆj +
∑
i
(Vi − µ)nˆi (1)
where aˆi (aˆ
†
i ) is the boson creation (annihilation) op-
erator at a given lattice site i, and nˆi is the particle
number operator. The first two terms in the Hamilto-
nian are the usual kinetic energy and on site interaction
2terms that define the well known Hubbard model in the
homogeneous case with J being the hopping amplitude
between neighbouring sites and U0 being the on-site in-
teraction strength. The third term describes the nearest
neighbour interactions and the last term comes from the
trapping and chemical potentials. The summation index
< i, j > means that the summation is to be performed
over nearest neighbour sites. We use the Gutzwiller
ansatz |ψ〉 = ∏i∑nmaxn=0 f in|n〉i for the many body wave
function and the equations of motion for the probability
amplitudes f in are
iℏ
df in
dt
= −J [φ¯i√nf in−1 + φ¯∗i√n+ 1f in+1]
+n

U0
2
(n− 1) +
∑
<j,i>
〈nˆj〉+ Vi − µ

 f in (2)
where φj = 〈aˆj〉 is the order parameter for site j and
φ¯i =
∑
<j,i> φj . To be consistent with the experimen-
tal work of Ronzheimer et al.[13] we start from an initial
state which is mostly in the (n = 1) Mott insulator state.
Such an initial state was obtained by the approach de-
scribed by Jreissaty et. al [16]. Then, the cloud is allowed
to expand by removing the trapping potential with a si-
multaneous quench of the interaction potential. After
getting the initial ground state we turn off the trap and
follow the time evolution of the system by integrating
Eq.(2) using a fourth-order Runge-Kutta method.
In Fig. 1 line densities of the cloud for weak nearest
neighbour interaction strengths (U1/J = 0.2,−0.2) are
FIG. 1. Line densities of the expanding cloud for U1/J =
0.2,−0.2 at various times after turning off the trap.
given. For small on site interaction strengths the cloud
clearly seperates into two parts: the central part slowly
melts down as the surrounding cloud rapidly expands.
As the on site interaction strength increases, the central
part more rapidly melts down, and the density of the ex-
panding part increases however the edge velocity of the
expanding cloud seems to be insensitive to the changes
in U0. Our results for U1 = 0 case is qualitatively similar
to the ones presented in Fig. 1. Jreissaty et al.[16] had
previously considered U1 = 0 case obtaining results con-
sistent with the present study in the absence of nearest
neighbour interactions. Also, it is interesting to note that
expansion dynamics are very similar for attractive and
repulsive cases. This sign reversal symmetry was experi-
mentally observed and theoretically discussed by Schnei-
der et al. [12]. Fig. 2 presents the line densities of the
released cloud for nearest neighbour interaction strengths
(U1/J = 3.0,−3.0). The edge of the density profiles are
almost fixed and the cloud does not expand. This local-
ization behaviour of the cloud is independent of the on
site interaction strength. On the other hand, the struc-
ture of the cloud strongly depends on the value of U0/J .
For small U0/J values there are strong fluctuations in the
density profile while for large U0/J values these fluctua-
tions are suppressed due to the enhanced thermalization.
Comparing Figs. 1 and 2 one may conclude that the ex-
pansion dynamics is dominantly controlled by the nearest
neighbour interactions. Even though the self trapping of
the cloud occurs for both repulsive and attractive inter-
actions, the shape and texture of the cloud shows a clear
FIG. 2. Line densities of the expanding cloud for U1/J =
3.0,−3.0, at various times after turning off the trap.
3FIG. 3. Density distributions of the expanding clouds at time t = 15ℏ/J for various interaction parameters. Due to the
symmetry of the system only a quarter of the expanding cloud is presented.
distinction between the two cases. Especially for high
U0 values the cloud seems to exhibit a circular symmetry
for attractive nearest neighbour interactions and a square
symmetry for the repulsive case.
The texture of expanding cloud also strongly depends
on the interaction parameters. Density distribution of
the expanding clouds are given in Fig. 3 at time t =
15ℏ/J after the release of the cloud for various interaction
strengths. For weak nearest neighbour interactions re-
pulsive and attractive cases are very similar. However as
the magnitude U1/J approaches to unity the behaviour
of attractive and repulsive cases differ. When |U1/J > 1|
the cloud is more homogeneous for repulsive interactions
while high density lumps are formed for attractive near-
est neighbour interactions. However, if U0/U1 ≫ 1 high
density lumps disappears as the repulsive on site inter-
actions dominates.
Expansion velocities can be used to quantify the dis-
cusssion of expansion dynamics. Some recent experimen-
tal work use half width at half maximum (HWHM) as
the core radius and determine core expansion velocity as
the time rate of change of HWHM. However there are
some drawbacks of using this measure. Strong oscilla-
tions seen in Figs. 1 and 2 in the line density profiles
might result in erroneous determination of the core ra-
dius. The seperation of the cloud into slowly and rapidly
expanding parts poses another difficulty. Therefore we
use alternative measures for the expansion velocities. To
measure the core radius, first we define the correlation
coefficient
C(R) =
∫ 〈nˆ(r)〉θ(R − r)dτ√∫ 〈nˆ(r)〉2dτ ∫ (θ(R − r))2dτ (3)
where θ(x) is the Heaviside step function. The R value
corresponding to the maximum of C(R) is taken as the
core radius, Rc. Then core expansion velocity is Vc =
dRc/dt. Note that for lattice systems Eq. (3) becomes
C(R) =
∑
i 〈nˆ(ri)〉θ(R − ri)√∑
i 〈nˆ(ri)〉2
∑
i (θ(R − ri))2
(4)
An alternative measure of the expansion velocity is the
time rate of change of root mean square radius (Rrms) of
4FIG. 4. Expansion velocities of the cloud with respect to
the nearest neighbour interaction strength for various on site
interaction strengths. Top panel shows the core expansion
velocity Vc, middle panel shows the edge expansion velocity
Vedge and the bottom panel shows the rms expansion velocity
Vrms. The velocities are given in units of
d
ℏ/J
.
the cloud which is defined for lattice systems as
Rrms =
√
1
N
∑
i
r2i 〈nˆ(ri)〉 (5)
Then rms expansion velocity is Vrms = dRrms/dt. The
core and rms expansion velocities are useful in describing
the dynamics of the cloud as a whole, however when the
cloud seperates into slowly and rapidly expanding parts
one may need other descriptions for the expansion veloc-
ity. The edge of the cloud can be used as a measure of
the extent of rapidly expanding part. We determine the
edge of the cloud as follows. First we calculate the line
densities, then as we move from outside of the cloud to-
wards the center the first point at which the line density
reaches to 10% of the maximum line density is recorded
as the edge radius Redge. Then edge expansion velocity
is Vedge = dRedge/dt.
Fig. 4 shows the above defined expansion velocities
for various on site and nearest neighbour interaction
strengths. The expansion velocities of the cloud shows
qualitatively the same behaviour for all on-site interac-
tion strengths, however the maximum expansion velocity
shifts to the left as on-site interaction strength increases.
The strength of the nearest neighbour interactions, on
the other hand, have a dramatic influence on the dynam-
ics of the cloud and all expansion velocities quickly drops
to zero for |U1/J | > 1. In Fig. 4 expansion velocities
are presented for only |U1/J | < 5 because the calculated
expansion velocities are essentially zero for the nearest
neighbour interaction strengths beyond |U1/J | = 5. This
result is consistent with the peculiar self trapping be-
haviour observed in experimental studies [12, 13].
For relatively small on site interaction strengths
(U0/J = 2, 5) the core does (top panel in Fig. 4) not ex-
pand even for very small nearest neighbour interactions.
Instead the core slowly melts down and the surrounding
low density cloud expands with Vedge.
Even though the self trapping behaviour observed for
both strongly attractive and strongly repulsive nearest
neighbour interactions, our results show that the dynam-
ics of the cloud is not exactly symmetrical for attractive
and repulsive interactions. The maximum of the expan-
sion velocity is observed for some negative nearest neigh-
bor interactions, and the position of this maximum shifts
to the left ( towards more attractive interactions) with
increasing on site interactions. Because the experimental
results of Schneider et al. [12] and Ronzheimer et al. [13]
lacks the detail when the interaction strengths and the
hopping amplitude are of the same order of magnitude
we can not compare this asymmetry in detail with the
experimental results. However, the experimental density
distributions presented in Fig. 3 of Schneider et al. are
very similar for the pair U/J = −1.0, U/J = 0.5 and for
the pair U/J = −1.7, U/J = 1.3 indicating existence of
such an asymmetry.
The strong agreement between the experimental obser-
vations and the results of the present study leads us to
two important conclusions: First, the dynamics of ultra-
cold bosons on an optical lattice strongly depends on the
nearest neighbour interactions. In contrast to the on-site
interactions, the effect of the nearest neighbour interac-
tions is beyond naive expectations and a small change
in the nearest neighbour interaction may cause dramatic
changes in the dynamical behaviour. Second, the consis-
tence of our results with experimental studies of ultracold
atoms [12, 13] implies that effective nearest neighbour in-
teractions are considerably large for these experimental
setups, and this in turn implies that the interactions en-
hanced by a Feschbach resonance have significant long
range parts. Therefore, one should reconsider the valid-
ity of widely used contact potential approximation while
working on ultracold atoms near a Feschbach resonance.
For an acceptable description of the dynamics of ultra-
cold atoms one must take the long range interactions into
5account even when these interactions are considerably weak.
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